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Abstract

This report is made as a part of the Evaluation Component - 4 of the Digital Signal
Processing happenning in Autumn 2020 at IIT Bombay. This report summarizes
the filter design techniques for designing a bandpass and a bandstop filter of
Butterworth and Chebyshev nature.
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1 Infinite Impulse Response Bandpass Filter

The filter number m = 44. Hence,

g(m) = |0.1m] =4

r\m

(m)

(m) = m—10g(m) =44 — 40 =4
BL(m) = 25+ 1.7¢(m) + 6.1r(m) = 55.8kHz
BH(m)

m) = BL(m)+ 20 = 75.8kHz

1.1 Unnormalized Specifications

» Lower Passband Edge = 55.8 kHz

« Upper passband Edge = 75.8 kHz

Transition band width = 4 kHz

Passband tolerance = 0.15

Stopband tolerance = 0.15

Passband nature = monotonic

Stopband nature = monotonic

Sampling frequency = 330 kHz

1.2 Normalized Specifications

The sampling angular frequency 27 f; should map to 27 after normalization.

Hence the transformation used is

fs

W= 2m—

f

The normalized specifications are as follows (following the notations used in the

lecture)

© wy =21 P2 =0.33827

o Wy =21 B8 = 0.4504 7



 Transition bandwidth = 2r 3§—0 =0.0242 7

* Wy =wp —0.024271 = 03147

* Wer = wpp +0.0242 7 = 0.4836

Passband and Stopband tolerance = 0.15

Passband and Stopband nature = monotonic

1.3 Analog Filter Specifications using Bilinear Transform

We use the following transformation to move from the » domain to the s

domain.
1— 271
S g
1+ 271
If we put z = jw and s = j, we get
w
) =tan —
2

The specifications now are

» Passband and Stopband nature = monotonic

. Q1 =0.5375
e Q5 = 0.9498
. Q1 = 0.5875
. Q) = 0.8799
« 8 =0,=0.15

1.4 Analog Frequency Transformation

Here we use the Bandpass to Lowpass analog frequency transformation, which
is as follows:
02— 2

0, =
L BQ

where

Qp = /1y = 0.7189



and
B — sz - Qpl - 02924

Using the transformation mentioned above, we now have
 Passband and Stopband nature = monotonic
e Qpg = —1.4501

o Qs =1.3874

« Q=1
® QLpQ =+1
M 51 :62 = 0.15

1.5 Equivalent Analog Lowpass Filter Specifications

Using the more stringent specifications from those obtained in section 1.4, we

have
« Passband and Stopband nature = monotonic
e Qps =min{Qpe, ||} =1.3874
o O, =+1
¢ 0 =0, =0.15
. Dlzm—le.BSZl

. DQZ%—1:43.44

1.6 Analog Lowpass Magnitude Response

Since we have to make a Butterworth filter, the general response is given as

Hipp(sy) Hopr(—si) = —)21\/



The parameters N and €. can be found as follows:

- sty Do)

log(2rs/ryp)

and

QLp QLS
— < Q. < —

2N 2N
Dl D2

Using the above relations, we get

N =8

11.0616 < Q. < 1.096 |

We choose (2. = 1.0788. Using these values, we have

1

HLPF(SL) HLPF(_SL) = T . 116
1+ (jl.OL788)

After using MATLAB to find and plot the poles, we have

15 Poles of Hrpp(sp) Hrpr(—sr) in the sy plane

057

Qk
o

05}

15 : : : :
15 -1 05 0 05 1 15

Figure 1.1: Poles of the equivalent lowpass filter

To have a realisable filter, we choose only those poles which lie on the left half of

the complex s, plane, which are as follows:



Pole Value
S1 —0.5993 + 7 0.8970
So —0.8970 + 7 0.5993
S3 —1.0581 4+ 5 0.2105
si | —1.0581 — j0.2105
S5 —0.8970 — 70.5993
Sg —0.5993 — 7 0.8970
S —0.2105 — 7 1.0581
ss | —0.2105 + 5 1.0581

Table 1.1: Poles on left half plane

Using the poles determined in table 1.1, the equivalent analog lowpass
transfer function is given by

QN 1.8345
HLPF(SL) = =

8
(sp — sk) S ap sk
k=0

=

k=1

where the coefficients of the denominator are

Coefficient | Value
ao 1.8345
ay 8.7167
as 20.708
as 31.921
ay 34.794
as 27.428
ag 15.289
ay 5.5297
as 1

Table 1.2: Coefficients of Denominator

The magnitude and the phase responses of this equivalent Butterworth LPF are

as follows:



IHG )l

Equivalent Butterworth Lowpass filter mangitude response
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Figure 1.2: Magnitude Response

Equivalent Butterworth Lowpass filter phase response
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Figure 1.3: Phase Response



1.7 Analog Bandpass Transfer Function

We now use the inverse transformation to convert the equivalent Butterworth
lowpass transfer function to get the Bandpass transfer function using the

relation:
s*+ Q08

C 7
Bs

where B and ), have the values as we found in section 1.4

s+ Q3 1.8345
HLPF( 0) = Hppr(s) =

B 8
° 168879.9214 + 3 ay s*
k=-8

The coefficients a;, are as follows:

Coefficient Value

aq 182483.5084
a_q 94310.6177
Qs 252765.02515
a_o 67513.5454
as 204166.44531
a_s 28183.5223
Qy 220581.2811
a_4 15736.8035
as 122303.3771
a_s 4509.4469
ag 101839.6751
ag 1940.6124
ay 30259.6314
a_y 298.0042
as 18714.6217
a_g 95.2525

Table 1.3: Coefficients of Denominator in the Analog BP transfer function

The magnitude and frequency response are as follows:

Please see the next page



Butterworth Bandpass filter mangitude response
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Figure 1.4: Magnitude response of the analog BPF
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Figure 1.5: Phase response of the analog BPF

1.8 Discrete-Time Bandpass Transfer Function

We now make use of the Bilinear Transformation to convert the analog bandpass
filter into a discrete bandpass filter in the normalized angular frequency domain.

The transform is as follows:
1—2z71

1+ 271

The discrete time filter transfer function is

16 i
b
1—z27t kzzo ke
Hppr 14 1 :H(Z):m—
: > ag 2k
k=0



with coefficients

Coefficient | Value Coefficient | Value
16 0.0083 blﬁ 1
a5 —0.0366 b15 0
a1 0.1197 bi4 —8
a3 —0.2688 bi3 0
ai2 0.5003 b1 28
a1 —0.7489 b11 0
aio 0.9662 bio —56
Qg —1.0495 by 0
as 0.9966 bs 70
ay —0.8059 b, 0
ag 0.5697 be —56
as —0.3389 bs 0
a4 0.1737 by 28
as —0.0715 bs 0
ao 0.0244 ba -8
aq —0.0057 by 0
agp 0.0010 bo 1
Table 1.4: Denominator (x10%) Table 1.5: Numerator

Please see the next page
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of the Discrete Time Bandpass Filter
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Figure 1.6: Magnitude Response of Discrete Time Bandpass Filter
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Figure 1.7: Phase Response of Discrete Time Bandpass Filter
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2 Finite Impulse Response Bandpass Filter

In this part, we will use the windowing method to design a finite impulse
response bandpass filter for the filter 44 using the same specifications as above.
Recalling the specifications from section 1.2, we have the following normalized

specifications:

« wy =2m 22 =0.33827

© Wy = 27 2 = 0.4594

« Transition bandwidth(Awr) = 27 555 = 0.02427

* Wy =wp —0.024271 = 0.314 7

* Wer = wpp +0.0242 7 = 0.4836 7

Passband and Stopband tolerance(¢$) = 0.15

We will use a time-shifted Kaiser Window and multiply it with the impulse

response of an ideal bandpass filter to get a realizable FIR filter.

2.1 Implementation Technique

While calculating the ideal bandpass filter response, the mean of the lower
passband and stopband edges are used as one of the lower passband edge and
the mean of the upper passband and stopband edges are used to find the upper

passband edge. The same is mentioned in the following figure:

| | | | | |
I I [ [ I !

0 Ws1 Wpl Wp2 Ws2 7T

Figure 2.1: Ideal Bandpass Filter Magnitude Response
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2.2 Kaiser Window Parameters

We have
A = —-20log,,(9) = 16.478

As A < 21, the shape parameter 5 = 0 and the Kaiser window in this case is

essentially a rectangular window. Also, the window width A is

A-38
M>[1+-——""| =50
—[ +2.285Awr_p—‘

After tuning by hit and trail method so that the maximum error is within the
tolerance, it has been found that a window width of M = 66 satisfies all the

required specifications.

2.3 Discrete Time FIR Filter Transfer Function

The transfer function of the FIR filter obtained after adjusting for causality is as
shown below. These are the coefficients of the Z transform of the impulse response
of the FIR filter.

Columns 1 through 8

-0.6177 -0.0631  0.0115  ©.0076 -0.0020  0.0001  ©.0012  -0.0095
Columns 9 through 16

-0.6124  ©.0084  0.0257  ©.0067 -0.0264 -0.0241  0.0114  ©.0274
Columns 17 through 24

©.6056 -0.0134 -0.0058 -0.0016 -0.0144 -0.0073  0.0341  ©.0436
Columns 25 through 32

-0.6237 -0.0840 -0.0279  ©0.0904  ©.0968 -0.0419 -0.1376  -0.0433
Columns 33 through 40

0.1175  ©.1175 -0.0433 -0.1376 -0.6419  0.0968  0.0904  -0.0279
Columns 41 through 48

-0.6840 -0.0237  0.0436  0.0341 -0.0073 -0.0144 -0.0018  -0.0058
Columns 49 through 56

-0.0134  ©.0056  0.0274  ©.6114 -0.0241 -0.0264  0.0067  ©.0257
Columns 57 through 64

©.0084 -0.0124 -0.0095  ©0.6012  ©.0001 -0.0020  0.0070  ©.0115
Columns 65 through 66

-0.0031 -0.0177

Figure 2.2: Bandpass FIR Transfer Function
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Impulse Response
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Figure 2.3: Bandpass FIR Impulse Response

2.4 Magnitude and Phase Response
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Figure 2.4: Magnitude Response of the FIR filter
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Phase Response

Phase (radians)

0 20 40 60 80 100 120 140 160
Frequency (kHz)

Figure 2.5: Phase Response of the FIR filter

2.5 Comparison with the IIR Filter

We can see that on comparing figure 1.7 and figure 2.5, we can see that the FIR
filter gives a linear phase response for the frequencies in the passband range i.e

from 55.8kHz to 75.8kHz.

Also, we can observe that the order of the IIR filter is 8 and the order of the
FIR filter is 66 which is much higher. This once again proves the fact that there
is no free lunch, i.e., we are getting a linear phase response at the expense of

resources.

14



3 Infinite Impulse Response Bandstop Filter

The filter number m = 44. Hence,

g(m) = |0.1m] =4

r(m) = m—10¢g(m)=44—-40=4

(m)
(m)

BL(m) = 25+ 1.9¢(m)+ 4.1r(m) = 49kHz
(m)

BH(m) = BL(m)+ 20 =69kHz

3.1 Unnormalized Specifications
» Lower Passband Edge = 45 kHz
« Upper passband Edge = 73 kHz
 Transition band width = 4 kHz
« Lower Stopband Edge = 49 kHz
« Upper Stopband Edge = 69 kHz
« Passband tolerance = 0.15
« Stopband tolerance = 0.15
« Passband nature = equiripple
« Stopband nature = monotonic

« Sampling frequency = 260 kHz

3.2 Normalized Specifications

The sampling angular frequency 27 f, should map to 27 after normalization.

Hence the transformation used is

w=2r—

f

The normalized specifications are as follows (following the notations used in the

lecture)

15



3.3 Analog Filter Specifications using Bilinear Transform

Wy = 27 2= = 0.3461 7
Wpe = 27 22 = 0.56157
We = 2T . = (0.3769 7

Wea = 2T 9% = 0.5307 7

Transition bandwidth = 27 5= = 0.0308 7

Passband and Stopband tolerance = 0.15

Passband nature = equiripple

Stopband nature = monotonic

We use the following transformation to move from the » domain to the s

domain.

If we put z = jw and s = j, we get

The specifications now are

« Passband nature = equiripple

1— 271

§ = ———
1+ 271

w

) =tan —
2

Stopband nature = monotonic

Q1 = 0.6725
O, = 1.1014
0,1 = 0.6044
Q,p = 1.2146
8§ =6, =0.15

16



3.4 Analog Frequency Transformation

Here we use the Bandstop to Lowpass analog frequency transformation, which

is as follows:

BQ
=
where
QO = \/ Qpl QPQ - 08568
and

B =Qy — Q= 0.6102
Using the transformation mentioned above, we now have
« Passband and Stopband nature = monotonic
e Q1 = 1.456

o Qe =—14031

o Qrpr=+1
° QLpZ =—1
d (51 == (52 =0.15

3.5 Equivalent Analog Lowpass Filter Specifications

Using the more stringent specifications from those obtained in section 3.4, we

have

Passband nature = equiripple

Stopband nature = passband

o Qrs =min{|Qpe0l, [} = 1.4031
.« Q=1

e ) =0,=0.15

* D= g5 — 1=10.384

. D2:%—1:43.44

17



3.6 Analog Lowpass Magnitude Response

Since we have to make a Chebysheyv filter, the general response is given as

1
Hepp(se) Hupr(=s1) = 1+ €e2CR(s1/5 Qp)
N P

Where the parameters € and N are given by

e =+/D; =0.6197

and

N — {Cosh_l(\/mw .y

cosh™' (Qrs/Qp)
After using MATLAB to find and plot the poles, we have

Poles of Hrpp(sy) Hrpp(—si) in the sy, plane

15 T T T T
1+ g . -
|

05+ N .

| | | \
|

a0
|\,

[HRN |
N
\ |
\ |
, [\ »

05 ¢ \ mn / i
1+ ..I‘\ /. —
15 1 | | 1

15 -1 0.5 0 0.5 1 15
b)

Figure 3.1: Poles of the equivalent lowpass filter

To have a realisable filter, we choose only those poles which lie on the left half of

18



the complex s;, plane, which are as follows:

Pole Value
s1 | —0.1222 1 5 0.9698
ss | —0.2949 + 5 0.4017
s3 | —0.2949 — 5 0.4017
s, | —0.1222 — j0.9698
Table 3.1: Poles on left half plane

Using the poles determined in table 3.1, the equivalent analog lowpass

transfer function is given by

A

Hipr(sy) =

—=

(sz — si)

k=1

Substituting the constraint that the value of the magnitude response at the

passband edge is 1 — §;, we have

Ls: 0.2373
Hepr(se) = N T 1176451 +0.9814 57 + 1.5858 52 + 0.7345 5, + 0.2792
V1+Di| [I(sz — sk)
k=1
Equivalent Chebyshev Lowpass filter mangitude response
1 - -
/./’/ \\\\\ \"-.
1-6,=085— ~—
_ \
z
\
\
\
52 =0.15
0 QLp =1 QLS =1.4031
Q

Figure 3.2: Magnitude Response
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Equivalent Chebyshev Lowpass filter phase response
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Figure 3.3: Phase Response

3.7 Analog Bandstop Transfer Function

We now use the inverse transformation to convert the equivalent Chebyshev
lowpass transfer function to get the Bandstop transfer function using the

relation:
Bs

24+ Q2

where B and ), have the values as we found in section 3.4

Sp, <

Bs 1.3516 s® + 3.9691 s® + 4.3707 s* + 2.1390 s + 3.9257
LPF = BSF( ):

2 QQ 8
R 46183+ 3 by s*
k=1

Coefficient | Value
bs 1.5902
by 2.5527
be 8.0327
b 6.8921
b, 1.1001
b3 5.0595
by 4.3289
by 1.0099

Table 3.2: Denominator

20



The magnitude and frequency response are as follows:

o filter

- | \
- \ / | AN
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Figure 3.4: Magnitude Response of Chebyshev Bandstop filter
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Figure 3.5: Phase Response of Chebyshev Bandstop filter




3.8 Discrete-Time Bandstop Transfer Function

We now make use of the Bilinear Transformation to convert the analog bandstop
filter into a discrete bandstop filter in the normalized angular frequency domain.

The transform is as follows: X
1— 2z

1+ 271

S

The discrete time filter transfer function is

8
k
1_ 2_1 kZ:O bk z
Hpsr (m) = H(z) = =
Z ag zk
k=0
Coefficient | Value Coefficient | Value
as 4.0936 bg 1.2223
ay —3.6764 b7 —1.4993
ag 8.8842 be 5.5789
as —5.8977 bs —4.6390
as —3.7768 b3 —4.6390
o 3.6893 by 5.5789
aq —1.0919 by —1.4993
ag 9.9081 bo 1.2223
Table 3.3: Denominator Table 3.4: Numerator

Please see the next page
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Magnitude Response of the Discrete Time Bandstop Filter
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Figure 3.6: Magnitude Response of Discrete Time Bandstop Filter
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Figure 3.7: Phase Response of Discrete Time Bandstop Filter
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4 Finite Impulse Response Bandstop Filter

In this part, we will use the windowing method to design a finite impulse
response bandstop filter for the filter 44 using the same specifications as above.
Recalling the specifications from section 3.2, we have the following normalized

specifications:

© Wy =27 5o = 0.3461 7

* Wy = 27 5 = 0.5615 7

© Wy =27 505 = 0.3769

* Wy =21 % =0.53077

« Transition bandwidth(Awr) = 27 555 = 0.0308 7

Passband and Stopband tolerance = 0.15

We will use a time-shifted Kaiser Window and multiply it with the impulse

response of an ideal bandstop filter to get a realizable FIR filter.

4.1 Implementation Technique

While calculating the ideal bandstop filter response, the mean of the lower
passband and stopband edges are used as one of the lower stopband edge and
the mean of the upper passband and stopband edges are used to find the upper

stopband edge. The same is mentioned in the following figure:

| | | | | |
[ [ \ \ [ |

0 Wpl Wsl Ws2 Wp2 T

Figure 4.1: Ideal Bandstop Filter Magnitude Response
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4.2 Kaiser Window Parameters

We have
A = —-20log,,(9) = 16.478

As A < 21, the shape parameter 5 = 0 and the Kaiser window in this case is

essentially a rectangular window. Also, the window width A is

A-38
M>[1+-———o—| =40
—[ +2.285Awr_p—‘

After tuning by hit and trail method so that the maximum error is within the
tolerance, it has been found that a window width of M/ = 53 satisfies all the

required specifications.

4.3 Discrete Time FIR Filter Transfer Function

The transfer function of the FIR filter obtained after adjusting for causality is as
shown below. These are the coefficients of the Z transform of the impulse response
of the FIR filter.

Columns 1 through 8

-0.0188 0.0098 9.0156 -0.0020 -0.0028 ©.0005 -0.0144 -0.0088
Columns 9 through 16

0.0267 ©.0228 -0.0271 -0.0326 0.0161 ©0.0273 -0.0030 -0.0028
Columns 17 through 24

0.0018 -0.0346 -0.0232 0.0693 9.0674 -0.0839 -0.1220 0.0684
Columns 25 through 32

0.1671 -0.0263 9.8154 -0.0263 0.1671 0.0684  -0.1220 -0.0839
Columns 33 through 40

0.0674 9.0693 -0.0232 -0.0346 ©.0018 -0.0028 -0.0030 0.0273
Columns 41 through 48

0.0161 -0.0326 -0.0271 0.0228 ©.0267 -0.0088 -0.0144 ©.0005
Columns 49 through 53

-0.0028 -90.0020 9.0156 9.0098 -0.0188

Figure 4.2: Bandstop FIR Transfer Function
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Impulse Response

olee o o ‘.??$.¢?.' T TIJ N$ .{TJ T T _'YQL‘??.‘ o e
Figure 4.3: Bandstop FIR Impulse Response
4.4 Magnitude and Phase Response
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Figure 4.4: Magnitude Response of the FIR filter
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Phase Response
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Figure 4.5: Phase Response of the FIR filter

4.5 Comparison with the IIR Filter

We can see that on comparing figure 3.7 and figure 4.5, we can see that the FIR

filter gives a linear phase response for the frequencies in the passband range.

Also, we can observe that the order of the IIR filter is 4 and the order of the
FIR filter is 53 which is much higher. This once again proves the fact that there
is no free lunch, i.e., we are getting a linear phase response at the expense of

resources.
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5 Elliptical Bandpass filter design

The filter number m = 44. Hence,

g(m) = |0.1m] =4

r\m

= m—10¢(m)=44—-40=14

BH

(m)
(m)
BL(m) = 25+ 1.7q(m) + 6.1r(m) = 55.8 kHz
(m)

— BL(m) + 20 = 75.8kHz

5.1 Unnormalized Specifications
» Lower Passband Edge = 55.8 kHz

« Upper passband Edge = 75.8 kHz

Transition band width = 4 kHz

Passband tolerance = 0.15

Stopband tolerance = 0.15

Passband nature = monotonic

Stopband nature = monotonic

Sampling frequency = 330 kHz

5.2 Normalized Specifications

The sampling angular frequency 27 f; should map to 27 after normalization.

Hence the transformation used is

fs

W= 2m—

f

The normalized specifications are as follows (following the notations used in the

lecture)

© wy =21 P2 =0.33827

o Wy =21 B8 = 0.4504 7
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 Transition bandwidth = 2r 33_0 =0.0242 7

* Wy =wp —0.024271 = 03147

* Wer = wpp +0.0242 7 = 0.4836

Passband and Stopband tolerance = 0.15

Passband and Stopband nature = equiripple

5.3 Analog Filter Specifications using Bilinear Transform

We use the following transformation to move from the » domain to the s

domain.
1— 271
S g
1+ 271
If we put z = jw and s = j, we get
w
) =tan —
2

The specifications now are

» Passband and Stopband nature = monotonic

. Q1 =0.5375
e Q5 = 0.9498
. Q1 = 0.5875
. Q) = 0.8799
« 8 =0,=0.15

5.4 Analog Frequency Transformation

Here we use the Bandpass to Lowpass analog frequency transformation, which

is as follows:
02— 02
B

Qp =
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where
QO = 1/ Qpl sz - 07189

and
B = Qyy — Q) = 0.2924

Using the transformation mentioned above, we now have
« Passband and Stopband nature = monotonic
e Qg = —1.4501

d QLSQ = 1.3874

« Q=1
° QLpZ =+1
b 51 :52 =0.15

5.5 Equivalent Analog Lowpass Filter Specifications

Using the more stringent specifications from those obtained in section 1.4, we

have
« Passband and Stopband nature = monotonic
e Qps =min{Qpep, ||} =1.3874
.« Qp,=+1
¢ 0 =0, =0.15
* Dy = g5 — 1=10.384

+ Dy=F—1=4344

5.6 Analog Lowpass Magnitude Response

The general transfer function for an Elliptic filter is given by

1
HLPF(SL) HLPF(_SL) = 1+ 2 F2( SL )
N jQLp
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with
FN<'LU) = Cd(NUKl, kl)

and

w = cd(uk, k))

where cd(z, k) denotes the Jacobian elliptic function cd with modulus % and real

quarter-period K.

5.6.1 Jacobian Elliptic Functions

The elliptic function w = sn(z, k) is defined as follows:

dt
VOB ke

,w = sin (¢(z, k))

St~

¢
/ do
Z = —
V1 — k2 sin? 6
0
There are three more relevant elliptic functions, cn, dn, and cd defined as:

w = cn(z, k) = cos (¢(z,k))
w = dn(z,k) =+/1— k?sn2(z, k)

w = cd(z k) = %

We define the complete elliptic integral of first kind K (k) or simply K as the value

of z when sn(z, k) = 1i.e. when ¢ = /2

w/2
do
K= [
) 1 — k2 sin®#
Clearly cd(K,k) = 0. Associated with an elliptic modulus %, there is a

complementary modulus ¥ = /1 — k? and its associated complete elliptic integral
K (k') denoted by K'(k) or simply K’

w/2 w/2

K,(k)_/ do _/ do
) Vi—ksin®o ] 1o (1 k2 sin®o
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The significance of K" and K’ is that sn and cd are doubly-periodic functions in
the z plane with a real period 4K and a complex period 2j K’. Some of the useful

properties are as follows:

cd(z+ (2n — DK, k) = (—1)"sn(z, k) (1)
cd(z 420K, k) = (=1)"cd(z, k) (2)
cd(z+jK' k) = m (3)

cd(jz, k) = m (4)
A KLE) = ¢ )

cd(z, k) has zeroes at (2m + 1) K + j2n K’ and polesat (2m + 1) K +j (2n+ 1) K’
for any integers m and n in the z plane.
5.6.2 Elliptic Filter Parameters

The order of the filter NV is determining by putting a constraint that the magnitude

response at the passband edge is not less than 1 — 4, and at the stopband edge not

KK/
N = !
{K’Klw

greater than 6.

where K, K', K, K| are defined for the complete elliptic integrals of modulus &

and k; given by
_

= QLS

= 0.72077

We then have
Parameter | Value
K 1.8710
K’ 1.8379
K 1.5743
K] 3.7566
N 3

Table 5.1: Elliptic Filter Parameters
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We now have to find the poles of the the transfer function. The poles of the transfer

function are given by the zeros of the denominator and the zeros of the transfer

function are given by the poles of FN(j?lLL - ). The zeros and poles of the transfer

function are given by

zi o= jQu,(k¢)t, i=1,2,...,|N/2]
pi = jQped((w —jvo) K, k) , i=1,2,...,[N/2]

Po = jQLpsn<jV0K,k)
where

Ci = Cd(UZK,k>
_o2-1l N2
Uy = N ) =14,

vy = _NjKlsn_l(%7kl>

As N is odd, the zeros and poles occur in conjugate pairs

7 7 1.2605
2 —;1.2605
o —0.6232

p1 | —0.1154 + 7.9936
D | —0.1154 — j0.9936

Table 5.2: Normalized Poles and Zeros of Hypr(s) Hppr(—s1)

We then have

Hypp(s1) 0.6236 + 0.3925 52
S —
LPEAPL) ™ 06236 + 1.1444 57 + 0.8539 52 + 52

Please see the next page
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Equivalent Elliptic Lowpass filter mangitude response
[

S
1-0,=085

HG )1

0,=0.15

Figure 5.1: Magnitude Response of the equivalent Elliptic Lowpass Filter

5.7 Analog Bandpass Transfer Function

We now use the inverse transformation to convert the equivalent Elliptic lowpass
transfer function to get the Bandpass transfer function using the relation:

s+ Q08

C R BQ

where B and ), have the values found in section 5.4.

s2 4+ 02
HLPF( BQ 0) = HBPF(S)

Hypp(s) = 0.1148 s° 4 0.1342 5° + 0.0307 s
BPERZ) ™66 10,2497 55 + 1.6483 s* + 0.2737 53 + 0.8519 52 + 0.0667 s + 0.1380

Please see the next page
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Elliptic I filter
[

|
1-5,=085 r \/ |

IHG )l

5,=0.15 - —

|
\ |
\ |

| \/
[ I V1

Qg Qm sz Q,

Figure 5.2: Magnitude Response of the analog BPF

5.8 Discrete-Time Bandpass Transfer Function

We now make use of the Bilinear Transformation to convert the analog bandpass
filter into a discrete bandpass filter in the normalized angular frequency domain.

The transform is as follows: X
1— 2

S <—
14271

The discrete time filter transfer function is

11—zt
Hare (15 ) = H(2

0.0661 2% — 0.0796 2° + 0.0767 2* — 0.0767 2% + 0.0796 2 — 0.0661
26 —1.7730 25 + 3.6259 24 — 3.3237 23 + 3.2660 22 — 1.4267 z + 0.7209

H(z) =

Please see the next page
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of the Discrete Time Bandpass Filter
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6 Elliptic Bandstop filter design

The filter number m = 44. Hence,

g(m) = |0.1m] =4

r\m

(m)

(m) = m—10¢g(m) =44 —40 =4
BL(m) = 25+ 1.9¢g(m)+4.1r(m) = 49kHz

(m)

BH(m) = BL(m)+ 20 =69kHz

6.1 Unnormalized Specifications
» Lower Passband Edge = 45 kHz
« Upper passband Edge = 73 kHz
 Transition band width = 4 kHz
« Lower Stopband Edge = 49 kHz
« Upper Stopband Edge = 69 kHz
« Passband tolerance = 0.15
« Stopband tolerance = 0.15
« Passband nature = equiripple
« Stopband nature = equiripple

« Sampling frequency = 260 kHz

6.2 Normalized Specifications

The sampling angular frequency 27 f, should map to 27 after normalization.

Hence the transformation used is

w=2r—

f

The normalized specifications are as follows (following the notations used in the

lecture)
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© Wy =27 o = 0.3461 7
© Wy =21 2% = 056157
o Wy = 2T 2 = (.3769 7
« we =2r & =0.5307T
« Transition bandwidth = 27 52 = 0.0308 7
» Passband and Stopband tolerance = 0.15

« Passband nature = equiripple

« Stopband nature = equiripple

6.3 Analog Filter Specifications using Bilinear Transform

We use the following transformation to move from the » domain to the s

domain.
1— 271
§=———
1+ 271
If we put z = jw and s = j, we get
w
) =tan —
2

The specifications now are
« Passband nature = equiripple

« Stopband nature = equiripple

e O, =0.6725
e O =1.1014
e Q1 = 0.6044
. QO = 1.2146
e 5, =0,=0.15
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6.4 Analog Frequency Transformation

Here we use the Bandstop to Lowpass analog frequency transformation, which

is as follows:

BQ
=
where
QO = \/ Qpl QPQ - 08568
and

B =Qy — Q= 0.6102
Using the transformation mentioned above, we now have
« Passband and Stopband nature = monotonic
e Q1 = 1.456

o Qe =—14031

o Qrpr=+1
° QLpZ =—1
d (51 == (52 =0.15

6.5 Equivalent Analog Lowpass Filter Specifications

Using the more stringent specifications from those obtained in section 6.4, we

have

Passband nature = equiripple

Stopband nature = equiripple

o Qrs =min{|Qpe0l, [} = 1.4031
.« Q=1

e ) =0,=0.15

* D= g5 — 1=10.384

. D2:%—1:43.44
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6.6 Analog Lowpass Magnitude Response

The general transfer function for an Elliptic filter is given by

1
Hrpr(sp) Hipr(—st) = 1+ €2 F2(-2)
N jQLP

with
FN(U)) = Cd(NU,Kl, ]{?1)

and
w = cd(uk, k))

where cd(z, k) denotes the Jacobian elliptic function c¢d with modulus 4 and real

quarter-period K.

6.6.1 Jacobian Elliptic Functions

The elliptic function w = sn(z, k) is defined as follows:

dt
Va2 1= FP)

,w = sin (¢(z, k;))

St~z

]
/ do
Z =
V1 — k2 sin? 6
0
There are three more relevant elliptic functions, cn, dn, and cd defined as:

w = cn(z k)= cos (¢(z,k))
w = dn(z,k) = /1 — k?sn2(z,k)

w = cd(z,k) = %

We define the complete elliptic integral of first kind K (k) or simply K as the value

of z when sn(z, k) = 1i.e. when ¢ = /2

w/2

K(k;)—/ do
_0 1 — k2 sin’0
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Clearly cd(K,k) = 0. Associated with an elliptic modulus %, there is a
complementary modulus ¥ = +/1 — k? and its associated complete elliptic integral
K (k') denoted by K'(k) or simply K’

w/2 w/2

de de
K/<k): / — = /
] 1 — k" sin” 0 , \/1—(1—k2)

The significance of K and K’ is that sn and cd are doubly-periodic functions in

sin? 6

the = plane with a real period 4K and a complex period 2j K’. Some of the useful

properties are as follows:

cd(z+ (2n— DE,K) = (=1)"sn(z k) ©)
cd(z+ 20K, k) = (1) cd(z, k) @)
cd(z+jK' k) = m (8)
cd(jz k) — m ©)
cd(j K R) = o (10)

cd(z, k) has zeroes at (2m + 1) K + j2n K’ and polesat (2m + 1) K +j (2n+ 1) K’
for any integers m and n in the z plane.
6.6.2 Elliptic Filter Parameters

The order of the filter N is determining by putting a constraint that the magnitude
response at the passband edge is not less than 1 — ¢; and at the stopband edge not

KK/
N = !
Fad

greater than J,.

where K, K', K, K| are defined for the complete elliptic integrals of modulus &
and k, given by

We then have
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Parameter | Value
K 1.8609
K’ 1.8474
K 1.5743
Kl 3.7566
N 3

Table 6.1: Elliptic Filter Parameters

We now have to find the poles of the the transfer function. The poles of the transfer

function are given by the zeros of the denominator and the zeros of the transfer

function are given by the poles of Fy(-2—). The zeros and poles of the transfer

function are given by

Di

Po

where

- jQLp (kCZ)_l )

= jQed((w —jw) K k) , i=1,2,...,[N/2]

j QLp

i=1,2,...,|N/2]

= jQr,sn(jukK, k)

G =

u; =

gy =

ed(u; K, k)
2i — 1

~—+ i=L2. N2
_ I _nr (2

NKlsn (6,/{1>

As N is odd, the zeros and poles occur in conjugate pairs

Table 6.2: Normalized Poles and Zeros of Hypr(sr) Hopr(—s1)

We then have

2 — 5 1.2605
o —0.6232
p1 | —0.1154 + 7.9936
p2 | —0.1154 — 5 0.9936

HLPF(SL) =

0.6236 + 0.3925 s7

0.6236 + 1.1444 sy, + 0.8539 s2 + 53
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Equivalent Elliptic Lowpass filter mangitude response
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Figure 6.1: Magnitude Response of the equivalent Elliptic Lowpass Filter

6.7 Analog Bandstop Transfer Function

We now use the inverse transformation to convert the equivalent Elliptic lowpass

transfer function to get the Bandstop transfer function using the relation:

Bs

Sp 44— ———
2402

where B and ), have the values as we found in section 6.4

Bs
Hipp (m) = HBSF(S)

Hase(s) 8 4+ 2.4367 s* + 1.7888 5% + 0.3956
S o
BSE s6 4+ 1.1198 % + 2.7122 5% + 2.0085 53 + 1.9911 52 + 0.6035 s + 0.3956

Please see the next page

43



Elliptic filter
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Figure 6.2: Magnitude Response of Elliptic Bandstop filter

6.8 Discrete-Time Bandstop Transfer Function

We now make use of the Bilinear Transformation to convert the analog bandstop
filter into a discrete bandstop filter in the normalized angular frequency domain.

The transform is as follows:
1—2z71

1+ 271

S <

The discrete time filter transfer function is

HBSF(l - ) —H(:)

14271

~ 0.5718 2% —0.5007 2° + 1.6997 2% — 0.9660 23 + 1.6997 22 — 0.5007 z + 0.5718
B 26 —0.7257 25 + 1.9146 2* — 0.9361 23 + 1.3875 22 — 0.3055 z + 0.2408

H(z)

Please see the next page
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Magnitude Response of the Discrete Time Bandstop Filter
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Figure 6.3: Magnitude Response of Discrete Time Bandstop Filter
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Figure 6.4: Phase Response of Discrete Time Bandstop Filter
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7 Conclusion

After realising the bandpass and bandstop filters for a given set of specifications

in various forms, i was able to make the following conclusions —

» Realisation using an elliptic approximation gives the least order, i.e, it
requires mininum resources. The order of resources required is as follows

(for a given set of specifications):
Elliptic (3) < Chebyshev (4) < Butterworth (8) < Kaiser FIR (50-60)

« The elliptic filter has the sharpest transition from passband to stopband or
vice versa for the same specifications. In particular, the decreasing order of

transition sharpness is
Elliptic > Chebyshev > Butterworth > Kaiser FIR

« The FIR realisation gives a linear phase response in the passband region.

The nonlinearity of the phase response decreases in the following order

Elliptic > Chebyshev > Butterworth > Kaiser FIR
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A Infinite Impulse Response Bandpass Filter

cle; clear all; close all;

tic;

%% Poles of H {analog}(s_L) H {analog}(-s_L)

N = 8;

Omega_c = 1.0788;

k = 1:2%N;

poles = Omega_c .* exp(1i .* (pi/2) .* (1 + (2.*k + 1)./ N)
)

figure () ;

plot(poles, '.', 'MarkerSize', 20);

xlim([-1.5 1.5]);

ylim([-1.5 1.5]);

daspect([1 1 1]);

hold on;

X = linspace(-pi, pi, 10000);
a = Omega_c .* cos(x);

b = Omega_c .* sin(x);

plot(a,b);
hold on;
plot(o,0, 'r«");
left_plane_poles = [];
for i=1:size(poles,2)
hold on;
plot([o, real(poles(1,i))], [0, imag(poles(1,i))], 'r-'
)3
if real(poles(1,i)) < o
% disp(poles(1,i));
left_plane_poles = [left_plane_poles, poles(1,i)];
end
end
plot([o, o],[-1.5, 1.5], 'k-");
plot([-1.5, 1.5],[0, o], 'k-");
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title ('Poles of $H {LPF}(s_L) \, H {LPF}(-s_L)$ in the $s_L
$ plane', 'Interpreter', 'latex');
xlabel ( '\Sigma_k"');
ylabel ( '\Omega_k');
%% Finding poles of H {analog}(s_L)
syms s X;
f = 1;
for i=1:size(left_plane_poles,2)
f =f % (s - left_plane_poles(1,1));
end

%% Magnitude and Phase response of H {analog}(s_L)

g = subs(f, s, 1i * x);

figure () ;

fplot (abs(1.8345/g));

hold on;

fplot(s - s - 0.15 + 1, 'k-', '"Markersize', 10);
hold on;

fplot (x—x+1, 'k-', 'Markersize', 10);

hold on;

fplot(x - x + 0.15, 'r-', 'Markersize', 10);

xline (1, 'magenta-");

hold on;

xline (1.3874, 'magenta—");

axis([o 2 0 1.2]);

set(geca, 'XTick', [o, 1, 1.3874], 'xticklabel', {'0", "\
Omega_{Lp} = 1','\Omega_{Ls} = 1.3874"'});

set(gca, 'YTick', [0.15, 0.85, 1], 'yticklabel', {'\delta_2
= 0.15"', '1 - \delta_1 = 0.85"', '1'});

daspect([1 1 1]);

title ('Equivalent Butterworth Lowpass filter mangitude
response ') ;

xlabel ('\Omega L"');
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ylabel ('|H(j \Omega_L)|");

figure () ;

fplot(angle(1.8345/g));

xlabel ( '\Omega_L"');

ylabel ( "\angle H(j \Omega L) ");

title ('Equivalent Butterworth Lowpass filter phase response
Dk

%% Bandpass analog frequency transformation

syms s1;

Omega_0 = 0.7189;

B = 0.2924;

s1 = (s”2 + Omega_0"2) ./ (B % s);

h = subs(f, s, s1);

%disp (1.8345/h); % transformed i.e., H _{analog}(s)

a = vpa(1.8345/h, 5); % bandpass system function

%6

b = subs(a, s, 1i % x); % to get the frequency response

figure () ;

fplot (abs(b));

set(gca, 'XTick', [0.5375, 0.5875, 0.8799, 0.9498], '
xticklabel ', {'\Omega_{s1}', '\Omega_{p1}', '\Omega {p2}
', '\Omega_{s2}"'});

set(gca, 'YTick', [o0.15, 0.85, 1], 'yticklabel', {'\delta_2
= 0.15"', '1 — \delta_1 = 0.85"', '1'});

hold on;

xline (0.5375, 'magenta—"');hold on;

xline (0.5875, 'magenta—"');hold on;

xline (0.8799, 'magenta-"');hold on;

xline( 0.9498, 'magenta-"');

hold on;
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fplot(s - s - 0.15 + 1, 'k-', 'Markersize', 10);

hold on;

fplot (x—-x+1, 'k-', 'Markersize', 10);

hold on;

fplot(x - x + 0.15, 'r—', 'Markersize', 10);

daspect([1 1 1]);

title ('Butterworth Bandpass filter mangitude response');
xlabel ( '\Omega"');

ylabel (" |H(j \Omega)|");

axis([o 2 0 1.2]);

figure ();

fplot(angle(b));

daspect([1 1 1]);

title ('Butterworth Bandpass filter phase response');
xlabel ( '\Omega');

ylabel ( '\angle H(j \Omega) ');

%% bilinear transformation

syms w;

¢ = subs(a, s, (1-1/w) / (1+1/w));

[Nz, Dz] = numden(1/c);

Nz = sym2poly(Nz);

Dz
% AiSp(#####HHHBHHHRBHHARBHHARBHHARBHHHBHHHBHHHRY);
% disp (Nz);

% disp(Dz);

%%

[H,f] = freqz(Dz,Nz,1024%1024, 330e3);
plot(f,abs(H));

axis([o 100e3 0 1.3]);

hold on;

yline(1.15, 'red—-', 'LineWidth', 1.5);

hold on;

sym2poly(Dz) ;
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yline (0.85, 'red—-', 'LineWidth', 1.5);

hold on;

yline(0.15, 'red—--', 'LineWidth', 1.5);

hold on;

xline(55.8e3, 'magenta—-', 'LineWidth', 1.5);

hold on;

xline(75.8e3, 'magenta——', 'LineWidth', 1.5);

xlabel('f in 1074 Hz'");

ylabel (' |H(e”{j 2\pi f})|");

title ('Magnitude Response of the Discrete Time Bandpass
Filter ');

set(gca, 'XTick', [51.8e3, 55.8e3, 75.8e3, 79.8e3],
xticklabel ', {'f_{s1}', 'f_{p1}', 'f_{p2}', 'f_{s2}'});

set(geca, 'YTick', [o0.15, 0.85, 1, 1.15], 'yticklabel', {"\

delta_2 = 0.15', 't - \delta_1 = 0.85"', "1', "1 + \
delta_1 = 1.15"'});

%%

figure () ;

plot(f, angle(H));

% set(gca, 'XTick', [51.8e3, 55.8e3, 75.8e3, 79.8e3],
xticklabel ', {'f_{s1}', 'f_{p1}', 'f_{p2}', 'f_{s2}'});

xlim ([1e4 120e3]);

ylabel ( '\angle H(e”{j 2\pi f})"');

xlabel('f in Hz');

title ('Phase Response of the Discrete Time Bandpass Filter'
)3
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B Finite Impulse Response Bandpass Filter

%%

cle; clear all; close all;

%% BP Filter Specs

omega_sl = 0.314 * pi;

omega_s2 = 0.4836 % pi;

omega_pl = 0.3382 * pi;

omega_p2 = 0.4594 * DPi;

transition_bw = 0.0242 * pi;

delta = 0.15;

omega_cl = 0.5 * (omega_pl + omega_s1);
omega_c2 = 0.5 * (omega_p2 + omega_s2);
%% Kaiser window parameters

A = —20 * logio(delta);

fprintf('A = %f\n', A);

width_min = ceil( 1 + ((A - 8)/(2.285 % transition_bw)));
fprintf ( 'Minimum width = %d\n', width_min);

alpha = -1;
if A< 21
alpha = o;
elseif A >=21 && A <= 50
alpha = 0.5842 % (A - 21) * 0.4 + 0.07886 % (A - 21);
elseif A > 50
alpha = o0.1102 * (A - 8.7);

else

end

beta = alpha /width_min;
fprintf( 'beta = %f\n', beta);
%%

width = width_min + 16;
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w = kaiser (width, beta);

ideal_bpf = ideal_lpf(omega_c2, width) - ideal_lpf(omega_c1
, width);

fir_bpf = ideal_bpf .x w';

[H,f] = freqz(fir_bpf,1,1024, 330e3);

figure () ;

plot(f, abs(H));

hold on;

xline(55.8e3, 'magenta—-"', 'LineWidth', 1.5);

hold on;

xline (75.8e3, 'magenta——', 'LineWidth', 1.5);

hold on;

yline(1.15, 'red—-"', 'LineWidth', 1.5);

hold on;

yline(0.85, 'red—-"', 'LineWidth', 1.5);

hold on;

yline (0.15, 'red—-', 'LineWidth', 1.5);

xlabel('f in 10%4 Hz'");

ylabel (" [H(e”{j2 \pi f})");

title ('Magnitude Response of Discrete Time FIR Bandpass
Filter ');

set(gca, 'XTick', [51.8e3, 55.8e3, 75.8e3, 79.8e3],
xticklabel ', {'f_{s1}', 'f_{p1}', 'f_{p2}', 'f_{s2}'});

set(gca, 'YTick', [0.15, 0.85, 1, 1.15], 'yticklabel', {"\
delta_ 2

\l |l

1, "1+ \

0.15', '1 - \delta_1 = 0.85",

delta_1 = 1.15'});
%%
disp (fir_bpf);
%%

fvtool (fir_bpf, 'Analysis', 'Phase');
fvtool (fir_bpf, 'Analysis', 'Impulse');
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C Infinite Impulse Response Bandstop Filter

cle; clear all; close all;

% transformed normalized filter specs

syms x B Omega_o f(x);

B = 0.6102;

Omega_0 = 0.8568;

f(x) = (B * x) / (-x*2 + Omega_0"2);

disp(vpa(f(0.6725), 5));

disp(vpa(f(1.1014), 5));

disp(vpa(f(0.6044), 5));

disp(vpa(f(1.2146), 5));

%% equilavent lowpass filter specs

D2 = 43.44;

D1 = 0.384;

Omega_Is = 1.4031;

Omega_lp = 1;

epsilon = sqrt(D1);

N = ceil ((acosh(sqrt(D2/D1))) / (acosh(Omega_ls / Omega_lIp)
))s

fprintf('N = %d\n', N);

%% finding out the left half poles

k = 0:2 * N - 1;

Ak (2 * k + 1) .« (pi /(2 * N));

Bk (1 / N) % asinh(1 / epsilon);

poles = (-1 % sin(Ak) % sinh(Bk)) + 1i % (cos(Ak) #* cosh(Bk
))s

figure ();

plot(poles, '.', 'MarkerSize', 20);
daspect([1 1 1]);

hold on;

X = linspace(-pi, pi, 10000);

a = sinh(Bk) .% cos(x);

cosh(Bk) .* sin(x);
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plot(a,b);
hold on;
plot(o,0, 'r*");
xlim([-1.5 1.5]);
ylim([-1.5 1.5]);
left_plane_poles = [];
for i=1:size(poles,b2)
hold on;
plot([o, real(poles(1,i))], [0, imag(poles(1,i))], 'r-'
)3
if real(poles(1,i)) < 0O
disp(poles(1,i));
left_plane_poles = [left_plane_poles, poles(1,i)];
end
end
plot([o, o],[-1.5, 1.5], 'k-");
plot([-1.5, 1.5],[0, o], 'k-=");
title ('Poles of $H {LPF}(s_L) \, H_{LPF}(-s_L)$ in the $s_L
$ plane', 'Interpreter', 'latex');
xlabel ('\Sigma_k');
ylabel ( '\Omega_k');

%% Analog Lowpass transfer function in s_L domain

num = 1;
den = 1;
syms sl ;

for i=1:size(left_plane_poles, 2)
num = num * left_plane_poles(1,i);
den = den % (sl - left_plane_poles(1,i));
end
H_ILPF = num / (den % sqrt(1 + D1));
disp (expand(vpa(den * sqrt(i1 + D1), 5)));

disp (num) ;

syms Omega_L;
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H_LPF_freq = subs(H_LPF, sl, 1i % Omega_L);

figure ();

fplot (abs(H_LPF_freq));

hold on;

fplot(sl - sl - o0.15 + 1, 'k-', "Markersize', 10);
hold on;

fplot(sl-sl+1, 'k-', 'Markersize', 10);

hold on;

fplot(sl - sl + 0.15, 'r-', 'Markersize', 10);

xline (1, 'magenta-");

hold on;

xline (1.4031, 'magenta—");

axis([o 2 0 1.2]);

set(geca, 'XTick', [o, 1, 1.4031], 'xticklabel', {'0", "\
Omega_{Lp} = 1','\Omega_{Ls} = 1.4031'});

set(gca, 'YTick', [0.15, 0.85, 1], 'yticklabel', {'\delta_2
= 0.15"', '1 — \delta_1 = 0.85"', '1'});

daspect([1 1 1]);

title ('Equivalent Chebyshev Lowpass filter mangitude
response ') ;

xlabel ( '\Omega_ L"');

ylabel ("[H(j \Omega L)|[");

figure ();

fplot (angle (H_LPF_freq));

xlabel ( '\Omega_ L"');

ylabel ( "\angle H(j \Omega L) ");

title ('Equivalent Chebyshev Lowpass filter phase response')
%% Chebyshev lowpass magnitude response

syms S;

H_BSF = subs(H_LPF, sl, (B % s)/(s”2 + Omega_0"2));

[N, D] = numden(H_BSF) ;
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disp (expand(vpa(N, 2)));

disp (expand(vpa(D, 2)));

%% Chebyshev bandstop magnitude response
syms Omega;

N1
D1 = subs(D % 1e-138, s, 1i * Omega);
H_BSF_freq_resp (N1) / (D1);
H_BSF_freq_resp vpa(H_BSF_freq_resp, 2);

subs(N* 1e-138, s, 1i * Omega);

figure () ;

fplot (abs(H_BSF_freq_resp));

set(geca, 'XTick', [0.6044, 0.6725, 1.1014, 1.2146], '
xticklabel ', {'\Omega_{p1}', '\Omega_{s1}', '\Omega {s2}
", '\Omega_{p2}'});

set(gca, 'YTick', [0.15, 0.85, 1], 'yticklabel', {'\delta_2
= 0.15"', '1 — \delta_1 = 0.85"', '1'});

hold on;

xline (0.6044, 'magenta-"');hold on;

xline (0.6725, 'magenta—"');hold on;

xline (1.1014, 'magenta—");hold on;

xline (1.2146, 'magenta-"');

hold on;

fplot(s - s - 0.15 + 1, 'k=', 'Markersize', 10);
hold on;

fplot(s-s+1, 'k-', 'Markersize', 10);

hold on;

fplot(s -s + 0.15, 'r-', 'Markersize', 10);

daspect([1 1 1]);

title ('Chebyshev Bandstop filter mangitude response');
xlabel ( "\Omega"');

ylabel (" [H(j \Omega)|");

axis([o 2 0 1.2]);

%% Chebyshev bandstop phase response
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figure ();

fplot(angle (H_BSF_freq_resp));

daspect([1 1 1]);

title ('Chebyshev Bandstop filter phase response');
xlabel ( '\Omega');

ylabel ('\angle H(j \Omega) ');

%% Bilinear transformation from analog to digital
syms z;

Hz = subs(H_BSF, s, (z - 1) / (z + 1));

[Nz, Dz] = numden(Hz);

disp (expand (vpa(Nz, 2)));

disp (expand(vpa(Dz, 2)));

Nzz = sym2poly(Nz);

Dzz = sym2poly(Dz);

[H,f] = freqz(Nzz,Dzz,1024%1024, 260e3);
plot(f,abs(H));

axis([o 100e3 0 1.3]);

hold on;

yline (1.15, 'red—-"', 'LineWidth', 1.5);
hold on;

yline(0.85, 'red—-"', 'LineWidth', 1.5);
hold on;

yline(0.15, 'red—-"', 'LineWidth', 1.5);
hold on;

xline(49e3, 'magenta—-—', 'LineWidth', 1.5);
hold on;

xline(69e3, 'magenta——', 'LineWidth', 1.5);

xlabel('f in 1074 Hz');

ylabel (' [H(e"{j 2\pi f})]");

title ('Magnitude Response of the Discrete Time Bandstop
Filter ');

set(gca, 'XTick', [45e3, 49e3, 69e3, 73e3], 'xticklabel', {

"f_{p1}', "f_{s1}', '"f_{s2}", 'f_{p2}'});
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set(gca, 'YTick', [0.15, 0.85, 1, 1.15], 'yticklabel', {"\

1 1

delta_2 = 0.15', 't - \delta_1 = 0.85"', "1', "1 + \

delta_1 = 1.15"'});

%% Phase response of DT BSF

figure ();

plot(f, angle(H));

xlim([1e4 110e3]);

ylabel ('\angle H(e”{j 2\pi f})"');

xlabel('f in Hz');

title ('Phase Response of the Discrete Time Bandstop Filter'
)3

hold on;

xline(49e3, 'magenta——', 'LineWidth', 1);

hold on;

xline(69e3, 'magenta—-"', 'LineWidth', 1);

set(geca, 'XTick', [1e4, 45e3, 49e3, 69e3, 73e3, 110e3],
xticklabel ', {1e4 ,'f {p1}', 'f_{s1}', 'f_{s2}', 'f_{p2}

', 110e3});

'

%%
% fvtool (Nzz, Dzz);
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D Finite Impulse Response Bandstop Filter

%%

cle; clear all; close all;

%% BS Filter Specs

omega_sl = 0.3769 % pi;

omega_s2 = 0.5307 % pi;

omega_pl = 0.3461 % pi;

omega_p2 = 0.5615 * pi;

transition_bw = 0.0308 * pi;

delta = 0.15;

omega_cl = 0.5 * (omega_pl + omega_s1);
omega_c2 = 0.5 * (omega_p2 + omega_s2);
%% Kaiser window parameters

A = -20 % logio(delta);

fprintf('A = %f\n', A);

width_min = ceil( 1 + ((A - 8)/(2.285 % transition_bw)));
fprintf ( 'Minimum width = %d\n', width_min);

alpha = -1;
if A< 21
alpha = o;
elseif A >=21 && A <= 50
alpha = 0.5842 % (A - 21) * 0.4 + 0.07886 % (A - 21);
elseif A > 50
alpha = o0.1102 * (A - 8.7);

else

end

beta = alpha /width_min;
fprintf( 'beta = %f\n', beta);
%% Magnitude Response

width = width_min + 13;
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w = kaiser (width, beta);

ideal_bsf = ideal_lpf(pi, width) - ideal_Ipf(omega_c2,
width) + ideal_lpf(omega_c1, width);

fir_bsf = ideal_bsf .x w';

[H,f] = freqz(fir_bsf,1,1024, 260e3);

figure () ;

plot(f, abs(H));

hold on;

xline(49e3, 'magenta—-', 'LineWidth', 1.5);

hold on;

xline(69e3, 'magenta——"', 'LineWidth', 1.5);

hold on;

yline(1.15, 'red—-"', 'LineWidth', 1.5);

hold on;

yline(0.85, 'red—-"', 'LineWidth', 1.5);

hold on;

yline (0.15, 'red—-', 'LineWidth', 1.5);

xlabel('f in 10%4 Hz'");

ylabel (" [H(e”{j2 \pi f})");

title ('Magnitude Response of Discrete Time FIR Bandstop
Filter ');

set(gca, 'XTick', [45e3, 49e3, 69e3, 73e3], 'xticklabel', {

fo{p1r ", f_{s1}', 'f_{s2}", 'f_{p2}'});

set(gca, 'YTick', [0.15, 0.85, 1, 1.15], 'yticklabel', {"\

delta_2 = 0.15', 't - \delta_1 = 0.85"', "1', "1 + \
delta_1 = 1.15'});

%%

disp(fir_bsf);

%%

fvtool (fir_bsf, 'Analysis', 'Phase');
fvtool (fir_bsf, '"Analysis', 'Impulse');
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E Elliptic Bandpass Filter

% Please execute this code section wise
% so that the values of the variables
% settle and are stable

%

clec; clear ; close all;

%% Elliptic Lowpass filter transfer function and plots

[z, p, Ho, B, A] = ellipap2(3, 1.411, 16.48);

syms sl Omega_L;

H LPF = (1 + 0.6294 * sl”2) / ((1 + 1.6046 * sl) % (1 +
0.2306 % sl + 0.9994 * sl”2));

H_LPF_freq = subs(H_LPF, sl, 1i % Omega_L);

[ns, ds] = numden(H_LPF);

nsl = sym2poly(ns);

dsl = sym2poly(ds);

k = ds(1);

nsl = nsl / k;

ds = ds / k;

disp(nsl);

disp (dsl);

figure ();

fplot (abs(H_LPF_freq));

hold on;

fplot(sl - sl - 0.15 + 1, 'k-", "Markersize', 10);

hold on;

fplot(sl-sl+1, 'k-', "Markersize', 10);

hold on;

fplot(sl - sl + o0.15, 'r—', 'Markersize', 10);

xline (1, 'magenta-");

hold on;

xline (1.3874, 'magenta-");

axis([o 2 0 1.2]);
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set(gca, 'XTick', [o, 1, 1.3874], 'xticklabel', {'0", "\
Omega_{Lp} = 1', '\Omega_{Ls} = 1.3874'});

set(geca, 'YTick', [0.15, 0.85, 1], 'yticklabel', {'\delta_2
= 0.15"', 't - \delta_1 = 0.85"', '1'});

daspect([1 1 1]);

title ('Equivalent Elliptic Lowpass filter mangitude
response ') ;

xlabel ( '\Omega_L"');

ylabel (" |H(j \Omega L)|");

%% Analog lowpass to bandpass frequency transformation
syms s Omega;

Omega_0 = 0.7189;

B = 0.2924;

H_BPF = subs(H_LPF, sl, (s”2 + Omega_0"2) / (B * s));
[ns, ds] = numden(H_BPF);

ns = symz2poly(ns);

ds = sym2poly(ds);

k = ds(1);

ns = ns / k;

ds = ds / k;

disp(ns);

disp (ds);

H_BPF_freq = subs(H_BPF, s, 1i * Omega);
figure () ;

fplot (abs(H_BPF_freq));

set(gca, 'XTick', [0.5375, 0.5875, 0.8799, 0.9498], '
xticklabel ', {'\Omega_{s1}', '\Omega_{p1}', '\Omega {p2}
', '\Omega_{s2}'});

set(gca, 'YTick', [0.15, 0.85, 1], 'yticklabel', {'\delta_2
= 0.15"', '1 — \delta_1 = 0.85"', '1'});

hold on;

xline (0.5375, 'magenta—"');hold on;
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xline (0.5875, 'magenta-");hold on;
xline (0.8799, 'magenta—");hold on;
xline( 0.9498, 'magenta-"');

hold on;

fplot(s - s - 0.15 + 1, 'k-', 'Markersize', 10);
hold on;

fplot(s-s+1, 'k-', 'Markersize', 10);

hold on;

fplot(s -— s + 0.15, 'r—', 'Markersize', 10);

daspect([1 1 1]);

title ("Elliptic Bandpass filter mangitude response');

xlabel ( '\Omega');

ylabel (" |H(j \Omega)|");

axis([o 2 0 1.2]);

%% Analog to z bilinear transformation
syms z;

Hz subs(H_BPF, s, (z-1)/(z+1));

[Nz, Dz] = numden(Hz);

Nz = sym2poly(Nz);
Dz = sym2poly(Dz);
k = Dz(1);

Nz = Nz / k;

Dz = Dz / k;

disp (Nz);

disp (Dz);

[H,f] = freqz(Nz,Dz,1024%1024, 330e3);
plot(f,abs(H));

axis([o 100e3 0 1.3]);

hold on;
yline(1.00, 'red—-"', 'LineWidth', 1.5);
hold on;
yline (0.85, 'red—-', 'LineWidth', 1.5);
hold on;
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yline (0.15, 'red—-', 'LineWidth', 1.5);

hold on;

xline(55.8e3, 'magenta——', 'LineWidth', 1.5);

hold on;

xline (75.8e3, 'magenta—-', 'LineWidth', 1.5);

xlabel('f in 1074 Hz');

ylabel (" [H(e”{j 2\pi f})[");

title ('Magnitude Response of the Discrete Time Bandpass
Filter ');

set(gca, 'XTick', [51.8e3, 55.8e3, 75.8e3, 79.8e3],
xticklabel ', {'f_{s1}', 'f_{p1}', 'f_{p2}', 'f_{s2}'});

set(gca, 'YTick', [0.15, 0.85, 1, 1.15], 'yticklabel', {"\
delta_2 0.15', '1 - \delta_1 = 0.85"', '"1', "1 + \
delta 1 1.15'});

fvtool (Nz, Dz, 'Analysis', 'Phase');

1 1
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F Elliptic Bandstop Filter

% Please execute this code section wise
% so that the values of the variables
% settle and are stable

%

clec; clear ; close all;

%

%% Elliptic Lowpass filter transfer function and plots

[z, p, Ho, B, A] = ellipap2(3, 1.411, 16.48);

syms sl Omega_L;

H LPF = (1 + 0.6294 * sl”2) / ((1 + 1.6046 * sl) %= (1 +
0.2306 * sl + 0.9994 % sl”2));

H_LPF_freq = subs(H_LPF, sl, 1i % Omega_L);

[ns, ds] = numden(H_LPF);

nsl = sym2poly(ns);

dsl = sym2poly(ds);

k = ds(1);

nsl = nsl / k;

ds = ds / k;

disp(nsl);

disp(dsl);

figure ();

fplot (abs(H_LPF_freq));

hold on;

fplot(sl - sl - o0.15 + 1, 'k-', "Markersize', 10);

hold on;

fplot(sl-sl+1, 'k-', '"Markersize', 10);

hold on;

fplot(sl - sl + o0.15, 'r-', 'Markersize', 10);

xline (1, 'magenta-");

hold on;

xline (1.3874, 'magenta-");
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axis([o 2 0 1.2]);

set(geca, 'XTick', [0, 1, 1.3874], 'xticklabel', {'0", "\
Omega_<{Lp} = 1','\Omega_{Ls} = 1.3874'});

set(gca, 'YTick', [0.15, 0.85, 1], 'yticklabel', {'\delta_2
= 0.15"', '1 — \delta_1 = 0.85"', '1'});

daspect([1 1 1]);

title ('Equivalent Elliptic Lowpass filter mangitude
response ') ;

xlabel ( '\Omega_L"');

ylabel (" |H(j \Omega L)|");

% figure();

% fplot(angle (H_LPF_freq));

% xlabel ('"\Omega_L") ;

% ylabel ("\angle H(j \Omega_L) ");

% title ('Equivalent Elliptic Lowpass filter phase response
)

%% Analog lowpass to bandstop frequency transformation

syms s Omega;

B = 0.6102;

Omega_0 = 0.8568;

H_BSF = subs(H_LPF, sl, (B % s) / (s”2 + Omega_0"2) );

[ns, ds] = numden(H_BSF);

ns = sym2poly(ns);

ds = sym2poly(ds);

k = ds(1);

ns = ns / k;

ds = ds / k;

disp(ns);

disp (ds);

H_BSF_freq = subs(H_BSF, s, 1i * Omega);

figure () ;

fplot (abs(H_BSF_freq));
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set(gca, 'XTick', [0.6044, 0.6725, 1.1014, 1.2146], '
xticklabel ', {'\Omega_{p1}', '\Omega_{s1}', '\Omega {s2}
', '\Omega_{p2}'});

set(gca, 'YTick', [0.15, 0.85, 1], 'yticklabel', {'\delta_2
= 0.15"', '1 — \delta_1 = 0.85"', '1'});

hold on;

xline (0.6044, 'magenta-"');hold on;

xline (0.6725, 'magenta—"');hold on;

xline (1.1014, 'magenta—");hold on;

xline (1.2146, 'magenta—");

hold on;

fplot(s - s - 0.15 + 1, 'k=', 'Markersize', 10);
hold on;

fplot(s-s+1, 'k-', 'Markersize', 10);

hold on;

' 1

fplot(s -s + 0.15, 'r-', 'Markersize', 10);
daspect([1 1 1]);

title ('Elliptic Bandstop filter mangitude response');
xlabel ( "\Omega"');

ylabel (" |H(j \Omega)|");

axis([o 2 0 1.2]);

%% Analog to z bilinear transformation
syms z;

Hz = subs(H_BSF, s, (z-1)/(z+1));

[Nz, Dz] = numden(Hz);

Nz = sym2poly(Nz);

Dz = sym2poly(Dz);

k = Dz(1);

Nz = Nz / k;

Dz = Dz / k;

disp (Nz);

disp (Dz);

[H,f] = freqz(Nz,Dz,1024%1024, 260e3);
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plot(f,abs(H));

axis([o 120e3 0 1.3]);

hold on;

yline (1, 'red—--"', 'LineWidth', 1.5);

hold on;

yline(0.85, 'red—-"', 'LineWidth', 1.5);

hold on;

yline(0.15, 'red—-"', 'LineWidth', 1.5);

hold on;

xline(49e3, 'magenta—-', 'LineWidth', 1.5);

hold on;

xline(69e3, 'magenta——', 'LineWidth', 1.5);

xlabel('f in 1074 Hz');

ylabel (" [H(e”{j 2\pi f})[");

title ('Magnitude Response of the Discrete Time Bandstop
Filter ');

set(gca, 'XTick', [45e3, 49e3, 69e3, 73e3], 'xticklabel', {

"f_{p1}', "f_{s1}', '"f_{s2}", 'f_{p2}'});

set(gca, 'YTick', [0.15, 0.85, 1, 1.15], 'yticklabel', {"\

1 '

delta_2 0.15', '1 - \delta_1 = 0.85"', '"1', "1 + \
delta 1 1.15 '});
fvtool (Nz, Dz, 'Analysis', 'Phase');
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G Helper Function for Elliptic Filter Design

function [z,p,Ho,B,A] = ellipap2(N,Ap,As)

if nargin==0, help ellipap2; return; end

Gp = 10"(-Ap/20); % passband gain

ep = sqrt(10”(Ap/10) - 1); % ripple factors

es = sqrt(10”(As/10) - 1);

ki1 = ep/es;

k = ellipdeg(N,k1); % solve degree equation

L = floor(N/2); r = mod(N,2); % L is the number of second-
order sections

i = (1:L)"; ui = (2%i-1)/N; zeta_i = cde(ui,k); % zeros of
elliptic rational function

z = j./(kxzeta_i); % filter zeros = poles of elliptic
rational function

vo = —j*asne(j/ep, ki1)/N; % solution of sn(jvoNK1, ki) = j
/?p

p = jxcde(ui-j*vo, k); % filter poles

po = j*sne(j*vo, k); % first —order pole, needed when N is
odd

B = [ones(L,1), —-2%real(1./z), abs(1./z).72]; % second-
order numerator sections

A = [ones(L,1), —-2x%real(1./p), abs(1./p)."2]; % second-
order denominator sections

if r==0, % prepend first -order sections

B = [Gp, 0, 0; B]; A= [1, 0, 0; A];

else

B=[1, o, 0o; B]; A= [1, -real(1/p0), 0; A];

end

zZ cplxpair([z; conj(z)]); % append conjugate zeros

p
if r==1, p = [p; po]; end % append first —order pole when N

is odd
Ho = Gp™(1-1); % dc gain

cplxpair ([p; conj(p)]); % append conjugate poles
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end
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H References

1. Prof. V.M.Gadre’s Video Lectures and Slides
2. Lecture Notes on Elliptic Filter Design by Sophocles J. Orfanidis

The helper function for the elliptic filter design is taken from this source.
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